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Let X be a nonempty set. In this article we study the set q(X) of all quasi-uniformities
on X equipped with the set-theoretic inclusion ⊆ as partial order. It is well known that
(q(X),⊆) is a complete lattice (see, e.g. [4, p. 2]). Furthermore for any family (Ui )i∈I of
quasi-uniformities on X we have τ(
∨
i∈I Ui ) =
∨
i∈I τ (Ui ) for the induced topologies; the
corresponding equation for infima does not hold in general (see, e.g. [9, Proposition 1]).
We shall first characterize the atoms of the lattice (q(X),⊆). It follows from our results
that all atoms are generated by special preorders. We will then describe those anti-atoms of
(q(X),⊆) that induce a nondiscrete quasi-proximity. Our description of these anti-atoms
shows that they necessarily have a base consisting of transitive entourages. Let us mention
that no similar simple description of the anti-atoms of (q(X),⊆) that induce the discrete
quasi-proximity seems to exist. We also provide a characterization of those proximally
nondiscrete anti-atoms that are proximally fine. After presenting some general results on
pairs of adjacent respectively nonadjacent comparable (quasi-)uniformities, we then ob-
serve that the lattice (q(X),⊆) is not complemented provided that X is infinite. Finally we
develop a method to construct complements for certain quasi-uniformities in (q(X),⊆),
which is based on ideas of resolvability in bitopological spaces.
Throughout this article we assume that the reader is familiar with the basic theory
of quasi-uniformities (see [4,8]), but we shall often repeat well-known facts to fix our
notation and terminology. In particular, for a given quasi-uniformity U the finest totally
bounded quasi-uniformity coarser than U will be denoted by Uω and we shall call a quasi-
uniformity transitive provided that it has a base consisting of transitive entourages. The
quasi-proximity relation induced by U will be denoted by δU , its negation by δU .
As usual, a binary relation on X that is reflexive and transitive will be called a preorder.
For any subset A of X, SA will denote the preorder [(X \A)×X] ∪ [X ×A] on X. Given
a nonempty set X and a subbase S of a filter on X, filS will denote the filter generated by
S on X. If F1 and F2 are filters on a set X, then F1 × F2 will denote the filter fil{F1 ×
F2: F1 ∈F1 and F2 ∈F2} on X ×X.
If U1 and U2 are two quasi-uniformities on a set X and U1 ⊆ U2, then we say that U1 is
coarser than U2 or that U2 is finer than U1.
It is readily checked that the operation of conjugation of quasi-uniformities commutes
with the supremum and the infimum operation: Indeed, suppose for instance that V (respec-
tivelyW) is the infimum of a family (Ui )i∈I of quasi-uniformities on a set X (respectively
the family of conjugate quasi-uniformities (U−1i )i∈I ). Then W−1 is a lower bound of
(Ui )i∈I and thus W−1 ⊆ V . Similarly V−1 ⊆W by the analogous conjugate argument,
and therefore V =W−1. A similar proof for the statement about suprema can be given.
In particular the infimum and supremum of any family of uniformities is an uniformity,
and for any quasi-uniformity U , both U ∨ U−1 and U ∧ U−1 are uniformities. In the fol-
lowing, as usual, the uniformity U ∨ U−1 will also be denoted by U s . We recall that a
quasi-uniformity U is totally bounded if and only if U s is precompact (see [4, p. 52]).
Furthermore, we shall denote the smallest element of the lattice (q(X),⊆), namely the
indiscrete (quasi-)uniformity {X ×X}, by I (or IX in order to avoid confusion). Since the
indiscrete topology is uniquely quasi-uniformizable (see, e.g. [6]), it is evident that I is
unique in its quasi-proximity class. That latter fact will be often used in this article.
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crete (quasi-)uniformity fil{Δ}, by D (or DX , for clarity). Of course, here Δ (respectively
ΔX) denotes the diagonal {(x, x): x ∈ X} of X. Furthermore |X| will denote the cardinality
of the set X and P(X) the power set of X.
Note that Dω is the Pervin quasi-uniformity of the discrete topology. Evidently it is an
uniformity, because D is an uniformity. Its induced (quasi-)proximity is called the discrete
(quasi-)proximity. Quasi-uniformities belonging to the quasi-uniformity class of the dis-
crete uniformity D will be called proximally discrete. Quasi-uniformities not belonging to
the quasi-proximity class of D will be called proximally nondiscrete.
2. Atoms of (q(X),⊆)
Two comparable distinct quasi-uniformities on a set X for which there does not ex-
ist another quasi-uniformity strictly in between will be called adjacent or neighbors. The
concepts of “upper neighbor” and “lower neighbor” of a quasi-uniformity should now be
self-explanatory. Note that if U and V are elements in (q(X),⊆) that are adjacent, then
U−1 and V−1 are adjacent, too.
In this and the next section we shall study two important special cases of adjacent quasi-
uniformities, namely the upper neighbors of I respectively the lower neighbors of D.
Indeed using the usual terminology from lattice theory, a quasi-uniformity A = I on X
is called an atom of (q(X),⊆) provided that it is an upper neighbor of the smallest element
I , that is, for any quasi-uniformity U on X such that I ⊆ U ⊆A we have I = U or U =A.
If A is an atom, then A−1 is an atom, too.
In the following we shall completely describe the atoms of the lattice (q(X),⊆).
Of course, it is immediately clear from the definition that all atoms A must be quasi-
pseudometrizable (that is, have a countable base) and totally bounded (because τ(Aω) =
τ(A) = τ(I), and thus I ⊂Aω =A). Indeed our characterization below shows that they
have a base that is a singleton and hence are transitive.
Lemma 1. Let A be a nonempty proper subset of X. Then A= fil{SA} is a transitive atom
of (q(X),⊆).
Proof. Suppose that U is a quasi-uniformity on X such that I ⊆ U ⊂A, where A is de-
fined as in the statement of the lemma. Consider any U ∈ U . Choose W ∈ U such that
W 3 ⊆ U . Because SA /∈ U , there are a ∈ A and b ∈ X \ A such that (a, b) ∈ W . Since
W ∈A, we see that SA ⊆ W ⊆ U . Let a′ ∈ A and b′ ∈ X\A be arbitrary. Then (a′, a) ∈ SA,
(a, b) ∈ W and (b, b′) ∈ SA. Hence (a′, b′) ∈ W 3 ⊆ U and thus A × (X \ A) ⊆ U . Al-
together it follows that U = X × X and U = I . We conclude that A is an atom of
(q(X),⊆). 
Proposition 1. A quasi-uniformity U on X is a transitive atom of (q(X),⊆) if and only if
there is a nonempty proper subset A ⊆ X such that U = fil{SA}.
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is not equal to the indiscrete topology. Therefore there are nonempty subsets A and B of
X such that AδAB . Since A is transitive, there is a transitive entourage T ∈A such that
T (A) ∩ B = ∅. Then ST (A) belongs to A (see [4, Theorem 1.33]). Hence fil{ST (A)} is
coarser than A and distinct from I . Since A is an atom, the two quasi-uniformities A and
fil{ST (A)} on X must indeed be equal. The converse follows from Lemma 1. 
Proposition 2. All atoms of (q(X),⊆) are transitive.
Proof. In order to reach a contradiction, suppose thatA is a nontransitive (totally bounded)
atom of the lattice (q(X),⊆). There are nonempty subsets A and B of X such that AδAB
and there is no subset C of X such that A ⊆ C ⊆ X \B and CδAX \C, because otherwise
A is transitive by [4, Theorem 1.33], since SC ⊆ [(X \A)×X] ∪ [X × (X \B)].
There exists V ∈ A such that V (A) ∩ B = ∅ by definition of δA. Let W ∈ A be such
that W 3 ⊆ V .
Consider the quasi-uniformity U on X generated by {U ∪ [U−1(A) × U(D)]: U ∈A}
where D = W 2(A) \ W(A). Note that D is nonempty, otherwise C := W(A) would exist
such that A ⊆ C ⊆ X \B and CδAX \C—a contradiction.
Then AδUD, but AδAD. We deduce that U is strictly coarser than A. But for H = W ∪
[W−1(A)×W(D)] ∈ U we have H(D) ⊆ W(D) ⊆ W 3(A) and so H(D)∩B = ∅. Thus U
is not the indiscrete uniformity. We conclude that A cannot be an atom. We have reached
a contradiction and it follows that nontransitive atoms of (q(X),⊆) do not exist. 
Corollary 1. If X is a singleton, no atoms of (q(X),⊆) exist. If X is a finite set with at
least 2 elements, then (q(X),⊆) has 2|X| − 2 atoms. If X is an infinite set, then (q(X),⊆)
possesses 2|X| atoms.
3. Anti-atoms of (q(X),⊆)
A quasi-uniformity G = D on X will be called an anti-atom of (q(X),⊆) if it is a
lower neighbor of the largest element D, that is, if U is a quasi-uniformity on X satisfying
G ⊆ U ⊆D, then G = U or U =D. It is evident that if G is an anti-atom of (q(X),⊆), then
G−1 is an anti-atom, too.
Let us remark that the articles [12,13] contain a deep study about anti-atoms in the
lattice of uniformities on a fixed set X. (Since in these articles the dual order is chosen, the
authors speak about atoms.)
A straightforward application of Zorn’s Lemma shows that if U is a quasi-uniformity
on a set X that is distinct from D (that is, does not contain the diagonal ΔX), then there is
a maximal element Q finer than U that also does not contain the diagonal. Evidently then
Q is an anti-atom of (q(X),⊆). By setting U = Dω, we immediately deduce from this
proof that for an infinite set X, there are anti-atoms belonging to the quasi-proximity class
of D, that is, proximally discrete anti-atoms. While in this article we do not have much
to say about the proximally discrete anti-atoms of (q(X),⊆), we shall below provide a
satisfactory characterization of the proximally nondiscrete anti-atoms of (q(X),⊆). Of
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a proximally nondiscrete anti-atom.
In the following for any quasi-uniformity G = D on X, we let G′ be the filter fil{G \
Δ: G ∈ G} on X × X. Evidently, pr1 G′ × pr2 G′ ⊆ G′ where pri (i = 1,2) denote the
projections from X × X to the first (respectively second) factor space X and pri G′ =
{pri G′: G′ ∈ G′} (i = 1,2).
Lemma 2. An anti-atom G of (q(X),⊆) is proximally discrete (respectively proximally
nondiscrete) if and only if the anti-atom G−1 is proximally discrete (respectively proximally
nondiscrete).
Proof. The assertion is a consequence of the equality (U−1)ω = (Uω)−1 (see [4, Sec-
tion 1.40]) which holds for any quasi-uniformity U on a set X, and the fact that Dω is
an uniformity. 
Lemma 3. If G is an anti-atom of (q(X),⊆), then pr1 G′ and pr2 G′ are ultrafilters on X.
Proof. Since projections are surjective, pr1 G′ is clearly a filter on X. Consider any G ⊆ X.
Set U = Δ∪ [G×X] and V = Δ∪ [(X \G)×X]. Note that U and V are both preorders
on X. If G and X \ G both do not belong to pr1 G′, then U /∈ G and V /∈ G. But then there
are U1,U2 ∈ G such that U1 ∩ U = Δ and U2 ∩ V = Δ, because G is an anti-atom. Since
U ∪ V = X ×X, we conclude that U1 ∩U2 = Δ. Thus we have reached the contradiction
that Δ ∈ G. Consequently G or X \ G belongs to pr1 G′ and thus this filter must be an
ultrafilter on X. Similarly, it is shown that pr2 G′ is an ultrafilter on X. 
Lemma 4. An anti-atom G of (q(X),⊆) is proximally nondiscrete if and only if pr1 G′ =
pr2 G′. (Hence an anti-atom G of (q(X),⊆) is proximally discrete if and only if pr1 G′ =
pr2 G′.)
Proof. Suppose that the anti-atom G of (q(X),⊆) yields distinct ultrafilters pr1 G′ and
pr2 G′ on X. Then there is G ∈ pr1 G′ such that X\G ∈ pr2 G′. Thus Δ∪[G× (X\G)] ∈ G.
It follows that for each U ∈ G we have U ∩ [G× (X \G)] = ∅. Hence GδGX \G and G is
proximally nondiscrete.
In order to prove the converse, suppose that G is a proximally nondiscrete anti-atom
of (q(X),⊆). Then there is G ⊆ X such that GδG(X \ G). For each U ∈ G we have U ∩
[G × (X \ G)] = ∅. Set V = Δ ∪ [G × (X \ G)]. Obviously V is a preorder and V ∩
U = Δ whenever U ∈ G. Since G is an anti-atom of (q(X),⊆), we deduce that V ∈ G.
Hence G ∈ pr1 G′ and X \G ∈ pr2 G′. We have shown that the two projections yield distinct
ultrafilters. 
Corollary 2. Let H1 and H2 be ultrafilters on X and let G be an anti-atom of (q(X),⊆)
that is finer than the quasi-uniformity fil{Δ ∪ [H1 × H2]: H1 ∈H1, H2 ∈H2} on X. (In
particular, this assumption implies that if H1 =H2, then H1 is a free ultrafilter.) Then G
is proximally discrete if and only if H1 =H2 on X.
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and because of Lemma 3. The result follows from Lemma 4. 
Remark 1. Note that the topology τ(G) on X induced by an anti-atom G of (q(X),⊆) is
not discrete if and only if G is proximally nondiscrete and pr1 G′ is generated by a singleton.
Lemma 5. No anti-atom of (q(X),⊆) exists if X is a singleton. On a finite set X with
at least 2 elements, there are |X| · (|X| − 1) anti-atoms of (q(X),⊆), all of which are
proximally nondiscrete. On an infinite set X there are 22|X| proximally discrete as well as
22|X| proximally nondiscrete anti-atoms of (q(X),⊆).
Proof. Clearly any anti-atom of (q(X),⊆) for a finite set X is equal to fil{Δ ∪ {(x, y)}}
where x, y have to be distinct elements in X, which immediately yields the first two asser-
tions.
Let X be infinite. It is well known that there are 22|X| distinct free ultrafilters on X
[2, Corollary 7.4]. Note first that this number also is an upper bound for the number of
filters on X × X. In particular it is an upper bound for the number of elements in q(X).
For each pair (H1,H2) of distinct free ultrafilters H1 and H2 on X, by Zorn’s Lemma we
find an anti-atom of (q(X),⊆) that is finer than the quasi-uniformity U(H1,H2) = fil{Δ ∪[H1 × H2]: H1 ∈ H1, H2 ∈ H2} on X. Evidently any two such distinct pairs (H1,H2)
and (H3,H4) of ultrafilters yield distinct (proximally nondiscrete) anti-atoms, since the
filter generated by U(H1,H2) ∪ U(H3,H4) contains the diagonal of X, that is, is equal to D.
Because we have 22|X| pairs of distinct free ultrafilters on X, we finally conclude that there
are 22|X| proximally nondiscrete anti-atoms of (q(X),⊆).
Similarly, we obtain a collection of 22|X| distinct proximally discrete anti-atoms by
choosing an anti-atom of (q(X),⊆) that is finer than the uniformity UH = fil{Δ ∪ [H ×
H ]: H ∈H} whenever H is a free ultrafilter on X. 
We are now ready to present our characterization of proximally nondiscrete anti-atoms
of (q(X),⊆).
Theorem 1. A quasi-uniformity G on a set X is a proximally nondiscrete anti-atom of
(q(X),⊆) if and only if there exists an ultrafilter F on X × X such that the ultrafilters
F1 := pr1F and F2 := pr2F are distinct and G = {Δ ∪ F : F ∈ F}. In particular, each
proximally nondiscrete anti-atom of (q(X),⊆) is transitive.
Proof. Let F be an ultrafilter on X ×X such that pr1F = pr2F .
We want to show that G = {Δ ∪ F : F ∈ F} is an anti-atom of (q(X),⊆) that induces
a nondiscrete quasi-proximity on X.
Because by assumption the projections of F yield distinct ultrafilters F1 and F2 on X,
there is E ⊆ X such that E ∈F1 and X \E ∈F2.
Since F is a filter on X × X finer than F1 ×F2, G has a base of relations of the form
GF = Δ ∪ F for appropriate nonempty F ⊆ E × (X \ E). We note in passing that all the
relations GF are preorders. Hence any such G is a transitive quasi-uniformity. Moreover
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does not belong to G. In particular the quasi-uniformity G is not equal to D.
Let B ⊆ X × X be reflexive such that B /∈ G. Then by definition of G, B \ Δ does
not belong to F . Since F is an ultrafilter on X × X, [(X × X) \ B] ∪ Δ ∈ F . Because
Δ∩ [E × (X \E)] = ∅, certainly Δ /∈F . It follows that (X ×X) \B ∈F and thus [(X ×
X) \ B] ∪ Δ belongs to G. Evidently the intersection of this entourage of G with B yields
the diagonal Δ. We have shown that any quasi-uniformity on X that is strictly finer than G
is equal to the discrete quasi-uniformity on X and finally conclude that G is a proximally
nondiscrete anti-atom of (q(X),⊆).
In order to prove the converse, suppose now that G is an anti-atom of (q(X),⊆) whose
induced quasi-proximity δG is not discrete. We put F = G′. Then clearly G = {Δ∪F : F ∈
F}. By Lemmas 3 and 4 we know that G′ is a filter on X × X such that pr1 G′ × pr2 G′ ⊆
G′ where pr1 G′ and pr2 G′ are distinct ultrafilters on X. Thus there is E ⊆ X such that
E × (X \ E) ∈ G′. If G′ were not an ultrafilter, there would exist B ⊆ E × (X \ E) such
that B /∈ G′ and [E × (X \ E)] \ B /∈ G′. But then neither the preorder Δ ∪ B nor the
preorder Δ∪ ([E × (X \E)] \B) would belong to the anti-atom G. Hence there would be
U1,U2 ∈ G such that U1 ∩ [Δ ∪ B] = Δ and U2 ∩ (Δ ∪ ([E × (X \ E)] \ B)) = Δ. But
then U1 ∩ U2 ∩ (Δ ∪ [E × (X \ E)]) = Δ and thus G =D, because Δ ∪ [E × (X \ E)] ∈
G—a contradiction. We conclude that G′ is an ultrafilter on X × X, which completes the
proof. 
Let us recall (see [2, pp. 156–157]) that for two ultrafilters F1 and F2 on a set X an
ultrafilter F1 ·F2 on X ×X can be defined, which is called the product of F1 and F2 and
is finer than F1 ×F2.
Example 1. Let F1 and F2 be two distinct ultrafilters on X. Then F1 · F2 yields the
proximally nondiscrete anti-atom {Δ∪ F : F ∈F1 ·F2} of (q(X),⊆).
The following auxiliary result shows that the quasi-proximity induced by a proximally
nondiscrete anti-atom of (q(X),⊆) can be easily determined.
Lemma 6. Let G be a proximally nondiscrete anti-atom of (q(X),⊆) and let A,B ⊆ X
such that A∩B = ∅. Then AδGB if and only if A ∈ pr1 G′ and B ∈ pr2 G′.
Proof. In the light of the arguments presented in the proof of Lemma 4 the following
equivalences are readily checked: AδGB iff (G ∩ [A × B] = ∅ whenever G ∈ G) iff Δ ∪
[A×B] ∈ G iff A×B ∈ G′ iff (A ∈ pr1 G′ and B ∈ pr2 G′). 
Corollary 3. Two proximally nondiscrete anti-atoms G1 and G2 of (q(X),⊆) induce the
same quasi-proximity on X if and only if both pr1 G′1 = pr1 G′2 and pr2 G′1 = pr2 G′2.
Proof. Suppose that pr1 G′1 = pr1 G′2 and pr2 G′1 = pr2 G′2. Let A,B ⊆ X such that AδG1B ,
but AG2B . Then A∩B = ∅ and by Lemma 6, A ∈ pr1 G′1 = pr1 G′2 and B ∈ pr2 G′1 = pr2 G′2,
and thus AδG2B . We have reached a contradiction and conclude by the symmetry of the
argument that δG = δG .1 2
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pr1 G′1 and B ′ ∈ pr2 G′1 such that A′ ⊆ A and A′ ∩ B ′ = ∅, which is possible, because G1
is proximally nondiscrete. Then by Lemma 6 A′δG1B ′ and so A′δG2B ′ by our assumption
on the induced quasi-proximities. Lemma 6 also implies that A′ ∈ pr1 G′2. Consequently
A ∈ pr1 G′2 and hence pr1 G′1 ⊆ pr1 G′2. Analogous arguments yield the remaining three
inequalities that are needed to establish pr1 G′1 = pr1 G′2 and pr2 G′1 = pr2 G′2. 
Similarly, as in [12] let us say that a quasi-uniformity U on a set X is proximally fine if
it is finer than any quasi-uniformity V on X that induces δU .
Note that if U is a proximally fine quasi-uniformity on X, then U−1 is proximally fine,
too: Indeed, if V ∈ q(X) such that Vω = (U−1)ω, then (V−1)ω = Uω . Thus V−1 ⊆ U ,
because U is proximally fine. Therefore V ⊆ U−1 and the assertion is proved. In particular
this observation can be applied to proximally nondiscrete anti-atoms that are proximally
fine.
Proposition 3. A proximally nondiscrete anti-atom G of (q(X),⊆) is proximally fine if and
only if pr1 G′ × pr2 G′ is an ultrafilter on X ×X.
Proof. If pr1 G′ × pr2 G′ is not an ultrafilter on X × X, then there is G ∈ G′ \ (pr1 G′ ×
pr2 G′), because G′ is an ultrafilter on X × X by the proof of Theorem 1. Let F be an
ultrafilter on X×X that contains fil({(X×X)\G}∪pr1 G′ ×pr2 G′). Furthermore letH be
the filter fil{Δ∪F : F ∈F} on X×X. ThenH is a (transitive) proximally nondiscrete anti-
atom of (q(X),⊆) by Theorem 1, since evidently pr1H′ = pr1F = pr1 G′ and pr2H′ =
pr2F = pr2 G′, because pr1 G′ and pr2 G′ are distinct ultrafilters on X by Lemmas 3 and 4.
By Corollary 3 we conclude that δG = δH. Since H is clearly distinct from G, they are
incomparable and we have shown that G is not proximally fine.
On the other hand suppose that pr1 G′ × pr2 G′ is an ultrafilter on X×X. Thus this filter
is equal to G′. Let U be an arbitrary quasi-uniformity on X with δU = δG . Consider any
G ∈ G. Then by our hypothesis and Lemma 4 there are H1 ∈ pr1 G′ and H2 ∈ pr2 G′ such
that H1 ∩H2 = ∅ and [H1 ×H2] ⊆ (G \Δ). Of course, H1δGH2 by Lemma 6.
Therefore H1δUH2 by our assumption on δU and consequently U ∩ G = Δ whenever
U ∈ U . We conclude that U ∨G =D. Since G is an anti-atom on X, it follows that U ∨G =
G and thus U ⊆ G. We have shown that the quasi-uniformity G is proximally fine on X. 
Example 2. Let G be a proximally nondiscrete anti-atom of (q(X),⊆) such that pr1 G′ or
pr2 G′ is a fixed ultrafilter on X. Then G is proximally fine.
Proof. The assertion is a consequence of Proposition 3. 
The condition that the productH1 ×H2 of an ultrafilterH1 on a set X and an ultrafilter
H2 on a set Y is an ultrafilter on X × Y is dealt with in [2, Theorem 7.23].
Problem 1. Are there nontransitive anti-atoms of (q(X),⊆)? Observe that they will nec-
essarily have to be proximally discrete by Theorem 1.
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A study on adjacent uniformities is due to Levine and Nachman [10]. Only few of their
results seem to generalize readily from the lattice of uniformities to the lattice (q(X),⊆)
of quasi-uniformities on a nonempty set X. As an example of such a partial generalization
we show below that each nonindiscrete uniformity has a lower neighbor in the lattice of
quasi-uniformities.
A standard application of Zorn’s lemma yields that for each quasi-uniformity U on X
generated by some preorder T = X × X there exists a maximal quasi-uniformity M⊆ U
not containing T . Clearly, thenM is a lower neighbor of U . Of course, if T is equal to the
equality relation ΔX , such a maximal elementM is just what we have called an anti-atom
of (q(X),⊆) before.
To formulate our next result, we need the concept of point-symmetry. A quasi-
uniformity U is called point-symmetric if τ(U) ⊆ τ(U−1) (see [4, p. 36]). It is said to
be doubly point-symmetric provided that both U and U−1 are point-symmetric.
Lemma 7. Each doubly point-symmetric quasi-uniformity U = I on a set X has a lower
neighbor in (q(X),⊆). (If U is transitive, the constructed lower neighbor is transitive.)
Proof. Since U = I , there exist V ∈ U and (x, y) ∈ X ×X such that (x, y) /∈ V . Consider
U ∧ G(x,y) where G(x,y) = fil{Δ ∪ {(x, y)}}. Note that G(x,y) is a proximally nondiscrete
anti-atom. It is readily checked that U ∧ G(x,y) = fil{R ∪ [R−1(x)×R(y)]: R ∈ U}.
Evidently the quasi-uniformity R := fil{R ∪ [R−1(x)×R(y)]: R ∈ U} on X is coarser
than U ∧ G(x,y). Let U ∈ U ∧ G(x,y). Choose W ∈ U ∧ G(x,y) such that W 3 ⊆ U . Then
W ∈ U ∩G(x,y) and thus P ∪ {(x, y)} ⊆ W for some P ∈ U . Consequently P ∪ [P−1(x)×
P(y)] ⊆ W 3 ⊆ U . It follows that U ∈ R and the equality of the two quasi-uniformities
under consideration is established.
In particular U ∧ G(x,y) ⊂ U , since V /∈ U ∧ G(x,y).
Suppose now that Q is a quasi-uniformity on X such that U ∧ G(x,y) ⊂Q ⊆ U . Since
Q ⊆ G(x,y), there is Q0 ∈Q such that (x, y) /∈ Q0. Choose Q1 ∈Q such that (Q1)3 ⊆ Q0.
It follows that [Q1(x)×Q−11 (y)] ∩Q1 = ∅.
Let U ∈ U be arbitrary. Since Q1 ∈ U and U is doubly point-symmetric, there is V ∈ U
such that V ⊆ (Q1 ∩ U), V −1(x) ⊆ Q1(x) and V (y) ⊆ Q−11 (y). Then V ∪ [V −1(x) ×
V (y)] ∈Q, and therefore (V ∪[V −1(x)×V (y)])∩Q1 ∈Q. But (V ∪[V −1(x)×V (y)])∩
Q1 ⊆ (V ∪ [Q1(x) × Q−11 (y)]) ∩ Q1 = V ⊆ U and consequently U ∈Q. Hence U =Q.
We conclude that U ∧ G(x,y) is a lower neighbor of U in (q(X),⊆).
Finally note that the quasi-uniformity R is clearly transitive provided that U is transi-
tive. 
Corollary 4. Each uniformity distinct from I on a set X has a lower neighbor in the lattice
(q(X),⊆).
Example 3. We next describe a quasi-uniformity V = I on a set X that does not have any
lower neighbor in (q(X),⊆).
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[[a,→) × X] ∪ [X × (←, b)]; note that (A
a, a+b2
∩ Aa+b
2 ,b
)2 ⊆ Aa,b: Indeed suppose oth-
erwise that (x, y), (y, z) ∈ A
a, a+b2
∩ Aa+b
2 ,b
, but (x, z) /∈ Aa,b . Then x < a and z  b. It
follows that y < a+b2 and y 
a+b
2 , because (x, y) ∈ Aa, a+b2 and (y, z) ∈ Aa+b2 ,b—a con-
tradiction. Thus the assertion is verified.
Define the quasi-uniformity V = fil{Aa,b: a, b ∈ X, a < b} on X. Suppose that U is a
quasi-uniformity on X strictly coarser than V . Then there are a, b ∈ X such that a < b and
Aa,b /∈ U . Consider now the quasi-uniformityH= U∨W whereW is the quasi-uniformity
fil{Ac,d : a  c < d  a+b2 } on X. Then Aa,b ∈W \ U , since Aa, a+b2 ⊆ Aa,b . Thus U ⊂H.
We want to show that Aa+b
2 ,b
/∈H and thus H⊂ V .
This assertion will be a consequence of the following general claim: Suppose that⋂n
i=1 Aci,di ⊆ Ac,d where n is a positive integer, c < d and ci < di (i = 1, . . . , n), and all
these latter points belong to X. Then there is i ∈ {1, . . . , n} such that c  ci < di  d . In-
deed, assume the contrary. Set h = max{ci : di  d; i = 1, . . . , n}. (Here we set h = −∞ if
the latter set is empty.) Therefore (h,→) ⊆⋂ni=1 A−1ci ,di (d), but A−1c,d (d) = [c,→)—a con-
tradiction, since by our assumption, h < c. Hence our claim is verified.
Suppose now that Aa+b
2 ,b
∈ H. Then by our claim there is Ac,d ∈ U ∪W such that
a+b
2  c < d  b. By definition of W and our claim above, Ac,d /∈W . It follows that
Ac,d ∈ U , and because Ac,d ⊆ Aa,b , we have reached the contradiction that Aa,b ∈ U . We
conclude that Aa+b
2 ,b
/∈H and that U ⊂H⊂ V . It follows that V has no lower neighbor in
(q(X),⊆). 
Example 4. We give an example of an uniformity distinct from D that does not have any
upper neighbor in (q(X),⊆). Indeed we show that for any infinite set X, the uniformity
Dω has no upper neighbor in (q(X),⊆).
Proof. Let V be a quasi-uniformity on X such that Dω ⊂ V . Because Dω is an uniformity,
then also Dω ⊂ V−1. Since Dω is the finest totally bounded quasi-uniformity on X, V can-
not be totally bounded. Hence V−1 or V is not hereditarily precompact by [7, Lemma 1.1].
We shall show that if V−1 is not hereditarily precompact, then we can construct a quasi-
uniformity Q on X such that Dω ⊂ Q ⊂ V . Analogously it then follows that if V is not
hereditarily precompact, there is a quasi-uniformity R on X such that Dω ⊂ R ⊂ V−1,
and thus Dω ⊂R−1 ⊂ V . Hence we will have shown that in either case V is not an upper
neighbor of Dω.
So suppose now that V−1 is not hereditarily precompact. Therefore there are a sequence
(xn)n∈ω and V0 ∈ V such that xp /∈ V −10 (xk) whenever k < p < ω. Thus xk /∈ V0(xp) when-
ever k < p < ω. For each n ∈ ω set An = {xs : n2  s < (n + 1)2}. Note that the sets An
are pairwise disjoint and xn2 is the element with smallest index in An.
For each V ∈ V set MV = V ∪⋃{V −1(An) × V (Ak): n  k < ω} and consider the
filter H= fil{MV : V ∈ V} on X ×X.
Let V ∈ V . Choose an entourage H ∈ V such that H 2 ⊆ V0 ∩ V . Observe first that
H(Ak) ∩ H−1(An) = ∅ whenever n < k < ω, since otherwise xp ∈ H 2(xr ) ⊆ V0(xr ) for
some p and r with p < r < ω—a contradiction. A straightforward computation now shows
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see that (x, z) belongs to H 2, H−2(As) × H(At), H−1(As) × H 2(At ) or H−1(As) ×
H(At) where in each of the three latter cases s  t < ω, which proves the assertion. We
conclude that H is a quasi-uniformity on X. Set Q=Dω ∨H. Evidently Dω ⊆Q⊆ V .
First note now that by the choice of V0, (xk2, xn2) ∈ MV0 whenever n < k < ω, since
xk2 ∈ V −10 (An) for n, k ∈ ω implies that n  k. Thus {xk2 : k ∈ ω} is not a precompact
subspace of (X,Q−1), although it is a precompact subspace of (X, (Dω)−1), since Dω is
totally bounded. Therefore Dω and Q are distinct.
In order to reach a contradiction, suppose next that V0 ∈Q. Then there are U ∈Dω and
H ∈ V such that U ∩ MH ⊆ V0. Since Dω is totally bounded, there are n ∈ ω such that
n  1 and a finite cover {Di : i < n} of X such that Di × Di ⊆ U whenever i < n. Then
by the pigeonhole principle there is j < n such that Dj contains two distinct points xs and
xr (with s < r < ω) of An, because An has more than n elements. Since An × An ⊆ MH
we have that (xr , xs) ∈ U ∩MH . But (xr , xs) /∈ V0. We have reached a contradiction. Thus
V0 /∈ Q and hence Q and V are distinct. Consequently we have shown that Dω does not
have any upper neighbors in (q(X),⊆). 
In the following let us call an element of (q(X),⊆) nonsymmetric provided that it is
not an uniformity. Next we shall study the following natural question about the distribution
of uniformities in the lattice (q(X),⊆) of quasi-uniformities.
Problem 2. Given two uniformities U and V on a set X such that U ⊂ V , is there a non-
symmetric quasi-uniformity Q on X such that U ⊂Q⊂ V?
The following result yields a first partial answer to our question.
Lemma 8. Let U be an uniformity on X and let P be an equivalence relation on X such that
fil{P } ⊆ U . Then there is a nonsymmetric quasi-uniformity Q on X such that U ⊂Q⊂ V
where V is the uniformity U ∨ fil{P } on X.
Proof. By the axiom of choice, we can assume that the set of equivalence classes of P is
linearly ordered by . For x, y ∈ X set x  y iff P(x) P(y). Note that  is a preorder
on X such that  ∩= P and  ∪= X ×X. (Of course,  means −1.)
SetQ= fil(U ∪{}). ThusQ ∈ q(X) and U ⊆Q⊆ V . In order to reach a contradiction
suppose that Qs =Q. Then there is U ∈ U such that (U∩) ⊆. Since  /∈ U—because
otherwise we would have that P ∈ U s = U—there is some (xU , yU ) ∈ U\. Then xU 
yU , because  is a linear order. It follows that (xU , yU ) ∈ (U∩ ) ⊆ . But xU  yU—
a contradiction. We conclude that Q is not an uniformity. Hence indeed U ⊂Q⊂ V . 
Evidently Problem 2 would have a positive answer if in the preceding result fil{P } could
be replaced by an arbitrary uniformity having a countable base. Unfortunately the authors
have not succeeded in deciding this question. However, suppose that U and V are two
comparable uniformities on X whose Hausdorff uniformities UH and VH induce distinct
hyperspace topologies τ(UH ) and τ(VH ) on the set P0(X) of nonempty subsets of X.
We shall next show that each interval in (q(X),⊆) spanned by such uniformities U and
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following two auxiliary results.
Lemma 9. Let U and V be uniformities on a set X belonging to distinct proximity classes
such that U ⊂ V . Then there is a nonsymmetric quasi-uniformity Q on X such that U ⊂
Q⊂ V .
Proof. Let A,B ⊆ X be such that AδVB , but AδUB . Furthermore let Q be the quasi-
uniformity U ∨ fil{V ∪ [V −1(A)×V (B)]: V ∈ V}. Clearly U ⊆Q⊆ V . Consider an arbi-
trary U ∈ U . Note that there is (a, b) ∈ U ∩ (A×B), since AδUB . Thus (A×B)∩Q = ∅
whenever Q ∈Q. Hence AδQB . On the other hand there is a symmetric entourage V ∈ V
such that V (A)∩B = ∅ and thus V (B)∩A = ∅. Then (V ∪ [V (A)×V (B)])(B)∩A = ∅.
Thus BδQA, and we see that Q is a nonsymmetric quasi-uniformity, because AδQB . This
nonsymmetry also shows that Q lies strictly between U and V . 
To formulate the next lemma we need a concept from the literature (compare [14]).
Let V be an entourage of a quasi-uniform space (X,U). A subset A of (X,U) is called
V -discrete, if x, y ∈ A and (x, y) ∈ V imply that x = y. We say that a subset A of a quasi-
uniform space (X,U) is U -discrete provided that for some V ∈ U , A is V -discrete.
Lemma 10. Let U be an uniformity and V a quasi-uniformity on a set X such that U ⊂ V
and there is an V-discrete set A ⊆ X that is not U -discrete. Then there is a nonsymmetric
quasi-uniformity Q on X such that U ⊂Q⊂ V .
Proof. The argument is similar to that used in the proof of Example 4. By our assumption
there are V0 ∈ V and an injective sequence {xβ : β < α} in X indexed by some cardinal α
such that xβ ′ /∈ V0(xβ) whenever β,β ′ < α and β = β ′, but such that {xβ : β < α} is not
U -discrete.
For each V ∈ V set MV = V ∪⋃{V −1(xβ) × V (xβ ′): β < β ′ < α} and let H be the
filter fil{MV : V ∈ V} on X ×X.
Consider any V ∈ V . Choose an entourage H ∈ V such that H 2 ⊆ V0 ∩ V . Then
H(xβ) ∩ H−1(xβ ′) = ∅ whenever β,β ′ < α and β = β ′, since otherwise xβ ′ ∈ H 2(xβ) ⊆
V0(xβ)—a contradiction. A straightforward computation now shows that (MH )2 ⊆ MV .
We conclude that H is a quasi-uniformity on X. Set Q= U ∨H.
Evidently U ⊆ Q ⊆ V . We shall next show that {xβ : β < α} is Qs -discrete, but not
Q-discrete.
Suppose that (xβ, xβ ′) ∈ MV0 ∩ (MV0)−1 for β,β ′ < α. Then it is readily checked that
β = β ′, since {xβ : β < α} is V0-discrete. We have verified that {xβ : β < α} isQs -discrete.
On the other hand let Q ∈Q. There are symmetric U ∈ U and some H ∈ V such that
U ∩MH ⊆ Q. Since {xβ : β < α} is not U -discrete and U is symmetric, there are β and β ′
such that β < β ′ < α and (xβ, xβ ′) ∈ U . Hence (xβ, xβ ′) ∈ U ∩ MH ⊆ Q. It follows that
{xβ : β < α} is not Q-discrete. Therefore Q = V .
In particular we also deduce thatQ is a nonsymmetric quasi-uniformity and thus indeed
U ⊂Q⊂ V . 
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on the set P0(X) of nonempty subsets of X (where UH respectively VH denote the Haus-
dorff uniformities of U and V on P0(X)). Then there is a nonsymmetric quasi-uniformity
Q on X such that U ⊂Q⊂ V .
Proof. Because of the assumption that τ(UH ) = τ(VH ) it follows from [14, Theorem 1]
that either Uω = Vω or that there is an V-discrete subset of X that is not U -discrete. The
result now is a consequence of the preceding two lemmas. 
Corollary 5. (a) Any nondiscrete uniformity U of (q(X),⊆) is coarser than a (nondis-
crete) nonsymmetric quasi-uniformity on X. (In particular no anti-atom of (q(X),⊆) is an
uniformity.)
(b) Let U be a nonindiscrete uniformity on a set X. Then there is a nonsymmetric
quasi-uniformity Q on X such that I ⊂ Q ⊂ U . (In particular, no atom of (q(X),⊆) is
an uniformity.)
Proof. (a) Apply Lemma 8 to the two uniformities U and U ∨ fil{Δ} =D.
(b) As noted in the introduction, because U = I we have that Uω = I . Since I ⊂ Uω,
and I and Uω are distinct totally bounded uniformities, there is a nonsymmetric quasi-
uniformity Q on X such that I ⊂Q⊂ U by Lemma 9. 
Remark 2. Observe that the proof of Lemma 8 shows that the described Q is transitive
provided that U is transitive. Hence we can also conclude that each nondiscrete transitive
uniformity of (q(X),⊆) is coarser than a nonsymmetric transitive quasi-uniformity on X.
Similarly in Lemmas 9 and 10 the constructed quasi-uniformity Q will be transitive
provided that U and V are both transitive.
Example 5. A nonindiscrete element U of (q(X),⊆) need not contain any atom A of
(q(X),⊆).
Proof. Consider for instance the usual uniformity U on the set X of the reals and suppose
that A ⊆ U where A is an atom of (q(X),⊆). We see that A = fil{SA} where A is a
nonempty proper subset of X by Propositions 1 and 2. Since U is an uniformity, [A×A] ∪
[(X \ A)× (X \ A)] ∈ U , which contradicts the fact that the usual topology on the reals is
connected. Hence U is not finer than any atom A of (q(X),⊆). 
5. Complements in (q(X),⊆)
We next apply another well-known concept from lattice theory to our investigations.
A quasi-uniformity V will be called a complement of a quasi-uniformity U in the lattice
(q(X),⊆) provided that U ∨V =D and U ∧V = I . Evidently, if a quasi-uniformity U has
a complement V in (q(X),⊆), then U−1 has the complement V−1 in (q(X),⊆).
E.P. de Jager, H.-P.A. Künzi / Topology and its Applications 153 (2006) 3140–3156 3153Let us note that in [11] many interesting and deep results concerning complements in
the lattice of all uniformities on a set were obtained. Indeed our next two propositions have
analogues in the lattice of uniformities.
Proposition 4. If a quasi-uniformity U has a complement V in (q(X),⊆), then it has
a complement having a countable base.
Proof. Let V be a complement of U in (q(X),⊆). Then there are U ∈ U and V ∈ V such
that U ∩ V = Δ. Choose a sequence (Vn)n∈ω of entourages of V such that V0 ⊆ V and
V 2n+1 ⊆ Vn whenever n ∈ ω. Then it is readily checked that the quasi-uniformity V ′ on
X generated by the base {Vn: n ∈ ω} is also a complement of U in (q(X),⊆) because
V ′ ⊆ V . 
Remark 3. Similarly one sees that if a member of (q(X),⊆) has a transitive complement
in (q(X),⊆), then it has a complement generated by a preorder. This observation motivates
the following problem.
Problem 3. If a member of (q(X),⊆) has a complement in (q(X),⊆), does it have a
complement in (q(X),⊆) generated by a preorder?
Proposition 5. No nondiscrete quasi-uniformity U inducing the discrete (quasi-)proximity
has a complement in (q(X),⊆).
Proof. Suppose that V is a complement of U in (q(X),⊆) where U is a nondiscrete prox-
imally discrete quasi-uniformity on X. Then Uω is equal to the finest totally bounded
quasi-uniformity Dω on the set X and thus Vω ⊆ Uω. We also have that Uω ∧ Vω = I ,
because U ∧V = I . Therefore Vω = I . But, as already noted in the introduction, the indis-
crete topology is uniquely quasi-uniformizable and thus I is the unique quasi-uniformity
in its quasi-proximity class. Therefore V = I and U ∨ V = U = D. We have reached a
contradiction and conclude that U does not have a complement in (q(X),⊆). 
Corollary 6. No proximally discrete anti-atom of (q(X),⊆) has a complement.
Proof. It belongs to the quasi-proximity class of (DX)ω and thus does not have a comple-
ment according to Proposition 5. 
A topology where each point has a smallest neighborhood will be called an AT -
topology (compare [15]). Given an AT -topology on a set X, its finest compatible quasi-
uniformity is obviously generated by the preorder
⋃
x∈X({x} × g(x)) where g(x) denotes
the smallest neighborhood of x whenever x ∈ X. On the other hand, each quasi-uniformity
U on a set X generated by a preorder obviously induces the AT -topology τ(U) and U is
the finest quasi-uniformity on X inducing τ(U).
We note that the supremum and the infimum of two quasi-uniformities on X that are
generated by preorders T respectively S are also generated by a preorder: Evidently the
supremum is generated by T ∩ S. Moreover the infimum is generated by the transitive
3154 E.P. de Jager, H.-P.A. Künzi / Topology and its Applications 153 (2006) 3140–3156closure C of T ∪ S. Let us verify the latter statement. Indeed, obviously, fil{C} ⊆ fil{T } ∧
fil{S}. Let U ∈ fil{T } ∧ fil{S} and n be any positive integer. There is W ∈ fil{T } ∧ fil{S}
such that Wn ⊆ U . Since W ∈ fil{T } ∩ fil{S}, we have T ∪ S ⊆ W . Thus (T ∪ S)n ⊆ U .
Consequently C ⊆ U and U ∈ fil{C}, and the two quasi-uniformities under consideration
are shown to be equal.
It is well known that each topology on a given set X has an AT -topology as a comple-
ment in the lattice of all topologies on X (see, e.g. [15] for a discussion of this result). It
follows that the lattice of all preorders on a set X is complemented, which in our context
we formulate as follows.
Proposition 6. Each element U of (q(X),⊆) that is generated by a preorder has a com-
plement that is generated by a preorder.
Proof. For completeness we sketch the proof. Let τ be an AT -topology on X that is
a complement of τ(U) in the lattice of all topologies on X and let V be the finest com-
patible quasi-uniformity for (X, τ). Then V is generated by a preorder. Furthermore evi-
dently U ∨ V = D, since U ∨ V must be a quasi-uniformity generated by a preorder and
τ(U∨V) = τ(U)∨τ(V) is the discrete topology. Because τ(U∧V) ⊆ τ(U)∧τ(V) = τ(I),
we deduce that U ∧V = I , by the corresponding remark made in the introduction. We con-
clude that V is a complement of U . 
Corollary 7. The lattice (q(X),⊆) is complemented, that is, each element has a comple-
ment, if and only if X is finite.
Proof. If X is finite, then clearly each quasi-uniformity U on X contains a smallest en-
tourage, which is its generating preorder. Thus U has a complement by Proposition 6.
If X is infinite, then (DX)ω =DX . It follows that (DX)ω does not have a complement
by Proposition 5. 
Proposition 7. Each atom and each proximally nondiscrete anti-atom of (q(X),⊆) has
a complement.
Proof. Let A be an atom of (q(X),⊆). Then there is a nonempty proper subset A ⊆ X
such that A= fil{SA} by Propositions 1 and 2. Let G be any element of (q(X),⊆) distinct
from D and finer than the quasi-uniformity fil{Δ ∪ [A × (X \ A)]} on X. Then clearly
A∨ G =D. Since obviously A ⊆ G and A is an atom, we conclude that A∧ G = I . Thus
A is a complement of G in (q(X),⊆).
In order to verify the second statement, let G be a proximally nondiscrete anti-atom of
(q(X),⊆). Then G is finer than fil{Δ ∪ [A × (X \ A)]} for some nonempty proper subset
A of X by the proof of Lemma 4. Hence fil{SA} is a complement of G in (q(X),⊆) by the
first part of the proof. 
We finish this article by presenting a method that allows one to construct complements
of certain elements in (q(X),⊆).
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subsets in X. Similarly a bitopological space (X, τ1, τ2) is said to be biresolvable (compare
[1,3]) provided that there exists a dense subset D of (X, τ1) such that X \ D is dense in
(X, τ2).
Note that a quasi-uniformity U on a set X such that (X, τ(U), τ (U−1)) is biresolvable
is proximally nondiscrete, since X \DδUD.
Lemma 11. Let (X,U) be a quasi-uniform space such that (X, τ(U), τ (U−1)) is bire-
solvable. Suppose that there is an entourage V ∈ U such that (x, y) ∈ V 3 implies that
V 3(x)∪ (V −1)3(y) = X. Then U has a complement in (q(X),⊆).
Proof. Set R = (X×X)\(V 3 \Δ). Observe then that R2 = X×X: Indeed let (x, y) ∈ V 3.
By the above assumption we find a ∈ X \ (V 3(x) ∪ (V −1)3(y)). Thus (x, a) /∈ V 3 and
(a, y) /∈ V 3. Therefore (x, a) ∈ R and (a, y) ∈ R and we conclude that (x, y) ∈ R2. It
follows that R2 = X ×X as stated.
Suppose now that D ⊆ X witnesses biresolvability of (X, τ(U), τ (U−1)). Set D1 = D
and D2 = X \D.
Observe next that T = Δ∪[(D1 ×D2)\V ] is transitive, because D1 and D2 are disjoint.
Let V be the quasi-uniformity generated on X by the base {T }. Since T ∩ V = Δ, we see
that U ∨ V =D.
Consider any L ∈ U ∧ V . Choose M ∈ U ∧ V such that M6 ⊆ L. There is W ∈ U such
that W ∪ T ⊆ M .
We next show that R ⊆ WTW: Let (x, y) ∈ R \Δ. Then there is d1 ∈ D1 ∩ (V ∩W)(x)
and d2 ∈ D2 ∩ (V ∩W)−1(y).
In order to reach a contradiction, assume first that (d1, d2) ∈ V . Then (x, y) ∈ V 3 and
hence by definition of R, (x, y) /∈ R. We have reached a contradiction and conclude that
(d1, d2) /∈ V . Hence (d1, d2) ∈ T by definition of T . It follows that (x, y) ∈ WTW and so
R ⊆ WTW , as asserted.
We finally deduce that X×X ⊆ R2 ⊆ (WTW)(WTW) ⊆ M6 ⊆ L. Hence we conclude
that U ∧ V is equal to the indiscrete uniformity on X and thus V is a complement of U in
(q(X),⊆). 
Proposition 8. Let U be an uniformity on a set X such that (X, τ(U)) is resolvable. Then
U has a complement in (q(X),⊆).
Proof. The uniformity I has clearly the complement D in (q(X),⊆). Hence it suffices to
consider the case that U = I . Then the uniformity U contains an entourage U such that
U = X ×X. Choose a symmetric entourage V ∈ U such that V 9 ⊆ U .
Note next that V 3(x)∪ V 3(y) = X whenever (x, y) ∈ V 3: Otherwise for some (x, y) ∈
V 3 we get X ×X ⊆ [V 3(x)∪ V 3(y)] × [V 3(x)∪ V 3(y)] ⊆ V 9 ⊆ U—a contradiction.
The result now immediately follows from the preceding lemma. 
Remark 4. Since for instance any metrizable or locally compact Hausdorff space X with-
out isolated points is resolvable [5, Theorems 41 and 47], the preceding proposition implies
that any compatible uniformity on such a space X has a complement in (q(X),⊆).
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